We address the issue of the existence of inequivalent definitions of gravitational mass in R 2 -gravity. We present several definitions of gravitational mass, and discuss the formal relations between them. We then consider the concrete case of a static and spherically symmetric neutron star, and solve numerically the equations of motion for several values of the free parameter of the model. We compare the features of the massradius relations obtained for each definition of gravitational mass, and we comment on their dependence on the free parameter. We then argue that R 2 -gravity is a valuable proxy to discuss the existence of inequivalent definitions of gravitational mass in a generic modified gravity theory, and present some comments on the general case.
Introduction
Infrared modifications of gravity have become a very popular way of addressing the problem of the late-time acceleration of the Universe. The possibility of explaining the cosmic the quantitative relevance of the inequivalence, we apply our discussion to the M-R relation of neutron stars in R 2 -gravity, investigating how the features of the curves change when we change the definition of gravitational mass.
The paper is structured as follows: in Section 2 we review the equations of motion in R 2 -gravity, specialising to a static and spherically symmetric system. In Section 3 we introduce several definitions of gravitational mass, discussing their inequivalence. In Section 4 we consider a neutron star, and study its M-R relation using the definitions of gravitational mass previously introduced. We discuss our results and present our conclusions in Section 5.
We adopt the "mostly plus" signature (−, +, +, +) and, unless stated otherwise, we use units of measure where c = 1 .
The equations of motion and the behaviour of weak gravity
The general f (R) gravity action [20, 21, 22, 23] is given by
where g is the determinant of the metric g µν , R is the Ricci scalar and S M is the action of matter fields. The case of R 2 -gravity corresponds to the choice
with α > 0 . In the metric formulation, which we adopt throughout the paper, the connection is taken to be the Levi-Civita one and the metric obeys the equation of motion
where the Ricci scalar is a functional of the metric R = R [g µν ] , = g µν ∇ µ ∇ ν is the (curved space) d'Alembert operator and the stress-energy tensor is defined as
As is well-known, the theory can be recast in a scalar-tensor form. Introducing the scalar degree of freedom ζ = αR , (2.5) the fourth-order equation (2. 3) can be shown to be equivalent to the second-order system for the metric g µν and the scalar field ζ [24] :
where T is the trace of the stress-energy tensor and we defined the mass associated to ζ as
Although linked by the relation (2.5), the metric and the scalar field are independent degrees of freedom as far as the initial value problem of the system (2.6)-(2.7) is concerned. It is possible to perform a field redefinition to avoid having (1 + 2ζ) multiply G µν , at the expense of introducing a non-minimal coupling with matter (Einstein frame). See e.g. [25] for an analysis in that direction. In this work, we don't follow that path and work only in the Jordan frame.
Non-rotating stars
To study static and spherically symmetric stars in R 2 -gravity, we consider the line element 9) and model the star as a perfect fluid, so the stress-energy tensor reads 10) where ρ(r) and p(r) are the energy density and the pressure, respectively. We postpone to Section 4 the detailed discussion of the equation of state we employ to model the interior of a neutron star. The staticity condition implies that the covariant conservation of T µ ν gives the equation of hydrostatic equilibrium 11) while the equation (2.7) for the scalar DOF takes the form
where we indicated ≡ d/dr . By taking suitable linear combinations of the components of (2.6), we obtain the equations for B and A 1 + 2ζ + rζ 1 Ar
The behaviour of weak gravity
In light of the discussion to follow, it is worthwhile to recall the features of static and weak gravitational fields in R 2 -gravity. Although non-linear effects do become important for neutron stars, the results of this subsection will be useful for the discussion of Section 3 on the concept of gravitational mass. To prevent any possible confusion we underline that, when studying neutron stars in Section 4, we consider the full non-linear equations of motion.
The behaviour of the gravitational field outside a static and spherically symmetric star in f (R) gravity has been extensively studied in the literature. We follow here the analysis of [26] , where an exhaustive list of references can be found. 1 In particular, we consider the spacetime to be asymptotically flat, which is a consistent boundary condition when the function f (R) is analytic in R = 0 . The behaviour of the metric and of the scalar DOF is controlled by two characteristic radii r ζ and r g , which somehow play in R 2 -gravity a role analogous to that of the Schwarzschild radius in GR. Indicating with r the radius of the star, and slightly changing the notation with respect to [26] , the characteristic radii take the form
where
In the weak-field approximation, the solutions outside of the star explicitly read [26] ζ(r) = r ζ 6r e −mr , (2.16a)
It is apparent that, at distances r m −1 larger than the range of the scalar DOF, the Schwarzschild solution is recovered with r g as the effective (asymptotic) Schwarzschild radius. In this region, to which we refer to as the asymptotic region, GR is recovered. On the other hand, at distances r ∼ m −1 comparable to the range of the scalar DOF, the metric components do not even have a Newtonian behaviour, due to the presence of the exponential function. We refer to this region as the transition region. Finally, when the range of the scalar DOF is much larger than the radius of the star (r m −1 ), there exist another interesting region r ≤ r m −1 outside the star, to which we refer to as the nearby region.
In this region ζ, B and A display a Newtonian behaviour 18) where neglecting the pressure we recover the well-known result γ = 1/2 [29] . Clearly GR is not recovered here, apart from the hypothetical case where exotic physics inside the star pushes the pressure to be of the same order of the mass, since solar system observations constrain γ to be unity within few parts in 10 5 [19] . Nevertheless, if we limit our attention to non-relativistic bodies, Newtonian gravity is recovered.
3 On the definition of gravitational mass in R 2 -gravity
To put the discussion of the inequivalent definitions of gravitational mass in the proper context, and to spell out the subtleties which become relevant in the R 2 case, it is worthwhile to recall first how the concept of gravitational mass emerges in Newtonian gravity and in GR.
The gravitational mass in Newton's and Einstein's theories
In Newtonian gravity, the concept of gravitational mass is borne out of the experimental observation that the external gravitational potential generated by a spherical body is proportional to 1/r independently of the composition and of the radius of the body itself. It follows that to characterise completely the external gravitational field only one number is needed, the proportionality constant, from which the Newton's constant G N is factored out for dimensional reasons. This number, the "gravitational charge" of the body, is conventionally called the gravitational mass. This notion is extended to the non-spherically symmetric case by selecting the monopole term in the multipole expansion of the external gravitational field, or equivalently considering the asymptotic behaviour of the latter (since the monopole term is the one with the slowliest decay). General Relativity, although being more complex and having more degrees of freedom, shares the above mentioned property. Choosing the gauge suitably, the metric outside of a spherical body can always be written in the form
so also in this case the external field is completely characterised by one number, the characteristic radius r g . Mathematically, the role of the source term (i.e. ρ and p, in our case) is to provide boundary conditions at the body's surface for the external solution (3.1), conditions which are to be found by solving the equations of motion inside the body. The gravitational mass in GR is usually defined by resorting to the Newtonian limit of the theory [31, 30] , that is setting
This definition can be given a more elegant and coordinate-independent form, and generalised to stationary and asymptotically flat space-times which are not spherically symmetric, such as in the Komar expression for M . 2 The rationale is that the gravitational mass is a measure of the external gravitational field produced by a body, it is a global quantity (in the sense that it is associated to the spacetime itself, not to the volume occupied by the star), and its value is linked to the effect the gravitational field has on test bodies in the Newtonian limit. The idea of identifying the physical parameters of isolated astrophysical bodies by studying the asymptotic behaviour of the gravitational field is indeed ubiquitous in gravitational physics. One can however use the equations of motion to link the gravitational mass (defined as above) to the properties of the source. Integrating in the Schwarzschild gauge (2.9) the time-time component of the Einstein equations, it is easy to derive the relation between M and the energy density of the source
Since the energy density is a scalar, the expression on the right hand side of (3.3) is not invariant with respect to radial re-parametrisations. Indeed, including the proper volume element g (3) dx 3 on the constant-time spatial hypersurfaces, one obtains the proper mass of the body [30] 
which is invariant (V indicates the volume occupied by the star). The fact that the equations of motion indicate (3.3) as the correct relation is interpreted, a posteriori, assuming that the expression on the right hand side of (3.3) evaluated in Schwarzschild coordinates takes into account also the gravitational binding energy, thereby enforcing the equivalence between energy and gravitational mass for extended and self-gravitating objects.
It is customary to rephrase the discussion of the mass of spherical stars in terms of the so-called mass function
Indicating with B r (0) the sphere of radius r centered at the origin, in Schwarzschild coordinates we have
The Einstein's equations imply that M(r) is constant outside the star, where it coincides with the effective Newtonian mass (3.2), and taking into account (2.10) we get
The continuity of M across the star's surface then implies (3.3). Although we cannot in general associate the concept of gravitational energy to a finite volume, since there is no unique way to introduce a (local) gravitational stress-energy tensor, for the case of spherical stars (and just for this case) it is meaningful to interpret M(r) as the gravitational mass enclosed in the sphere of radius r [31] . This is a consequence of the non-existence of spherically symmetric gravitational radiation in Einstein's gravity. Considering non-static (but still spherical) configurations, it follows that the energy inside a sphere of radius r can change only because of heat fluxes and radiation of particles across the sphere's surface, or by work done on the surface by pressure forces. Therefore, the fact that we can associate a (localised) mass M(r) to the sphere of radius r is due to the circumstance that in the spherical case any transfer of energy is detectable by local measurements. Clearly this situation breaks down as long as we depart from spherical symmetry. On the other hand there is no difficulty in defining the proper mass contained in any chosen spatial volume, independently of the configuration being spherically symmetric or not, since the proper mass does not include the gravitational binding energy.
The case of R 2 -gravity
In R 2 -gravity the situation is qualitatively different. As can be seen from the expressions (2.16b) and (2.16c) for the metric components in the weak-field approximation, the external gravitational field is determined by two numbers, r ζ and r g , or in other words by two gravitational charges. This is a consequence of the fact that the metric components, beside by ρ and p , are sourced also by the scalar degree of freedom ζ which dynamically extends outside the body (being itself sourced by ρ and p and obeying a Klein-Gordon equation). It follows that, for what concerns the metric, the energy density and the pressure do not generate simply a boundary condition for the external gravitational field. The impossibility of describing the external geometry with one gravitational charge, which is fundamentally due to the presence of the extra scalar DOF and therefore not peculiar to the weak-field approximation, has profound implications as we can see.
On the usual definitions of gravitational mass
It is quite easy to see that, in R 2 -gravity, the relations (3.2) and (3.3) are not compatible. Let us define for ease of notation 8) and introduce the operator
Rewriting the equation (2.6) as follows
the integration of the tt component on the sphere of radius r gives
where dV indicates the flat volume element. Sending r → ∞ we get
Note that, since ζ has a Yukawa behaviour with range m −1 , only the sphere of approximate radius m −1 ∼ √ α contributes to the integral. The quantity on the right hand side of (3.12) does not vanish in general, as can be checked numerically (see Section 4), so the definitions (3.8) of gravitational mass are not equivalent in R 2 -gravity.
It is important to understand which physical meaning can be given to M g and M ρ in this context, and whether one of the two definitions is eligible as "the" definition of gravitational mass. In the asymptotic region the weak-field approximation is always valid, and therefore (2.16b)-(2.16c) hold. Moreover, the terms containing r ζ are exponentially suppressed. This means that M g is the Newtonian mass felt by test-bodies orbiting in the asymptotic region, so M g maintains the interpretation it has in GR although its spatial validity is limited (it is a "distant observers" mass). The story for M ρ is more complicated. It may be thought that the failure of M ρ to coincide with the asymptotic Newtonian mass M g is due to M ρ being linked to the properties of the spacetime near the star, while M g is linked to the properties of the spacetime far away. This idea is however not correct, as can be seen as follows. Considering a configuration where mr 1 and the weak-field approximation holds, test-bodies orbiting close to the star (i.e. well inside the range of ζ) feel an effective Newtonian mass equal to 13) and taking the limit m → 0 we get
Even neglecting the pressure we have M ρ = M n . Moreover, away from the limit m → 0 the ratio between M ρ and M n does not remain constant (and equal to 4/3 when P = 0), but displays a very complicated dependence on m, r , ρ and p . Therefore M ρ is not simply related to the effective Newtonian mass in any region of spacetime. This situation may be regarded as inconvenient enough to abandon the idea of interpreting M ρ as a gravitational mass, as already pointed out in [27] where M ρ is regarded as merely a parameter (a "tag") characterising families of solutions, without a specific physical interpretation.
On a unique definition of gravitational mass
One may however take the totally opposite point of view, turning the impossibility of describing the external metric with a unique gravitational charge into an indication that in R 2 -gravity the concept of gravitational mass has to be disentangled from the behaviour of test bodies in the Newtonian limit. This argument may be used in favour of regarding M ρ as the definition of gravitational mass in R 2 -gravity, owing to its interpretation as the total energy of matter. 3 Recall in fact that (in the Jordan frame) the stress-energy tensor couples only to the metric, in the sense that there is no direct coupling between ζ and T . Moreover, the coupling term is exactly that of GR. This means in particular that matter feels only the spacetime metric or, in other words, that regarding the dynamical behaviour of matter the role of the scalar ζ is just to indirectly influence the metric configuration g µν via the equations of motion. Since it is assumed that the integral which defines M ρ correctly takes into account the gravitational binding energy in GR, it is reasonable to expect this be true also for theories where T µν couples only to g µν via the same coupling term. 4 Following this line of reasoning, the relation (3.12) would lend itself to the heuristic interpretation that the asymptotic mass M g is given by the sum of the energy of matter (including the binding energy), i.e. M ρ , and the energy associated to the additional degree of freedom, i.e. the right hand side. This interpretation can be formalised by associating to the extra DOF ζ an effective stress-energy tensor T µ ν defined as follows 15) which is covariantly conserved as a consequence of the equation of motion (3.10). Accordingly, we may indicate R = −T t t and consider it as the effective energy density of the extra DOF
It is worthwhile to point out that in the literature it is customary to introduce the effective stress-energy tensor associated to the extra DOF in a different way (see for example [32, 33] ), to wit 17) so that the equation (2.6) becomes
One may then integrate the tt component of (3.18) over the whole 3D space to derive a relation similar to (3.12), obtaining a different expression on the right hand side and, on the left hand side, the integral of ρ/(1 + 2ζ) instead of M ρ . It is not clear however what the interpretation of this relation should be. For example, it is doubtful that the integral of ρ/(1 + 2ζ) should be interpreted as the total matter energy. Moreover, both T µ ν and T µ ν /(1 + 2ζ) are not (separately) covariantly conserved (unless ζ is constant). For this reason, we believe (3.12) and (3.15) to be physically more meaningful.
Gravisphere and surface redshift
According to the above interpretation of the relation (3.12), the difference between M g and M ρ is to be found in the contribution of the extra DOF, both inside and outside the star. 3 We are here loosely using the word "matter" to mean "matter, radiation and every form of energymomentum included in Tµ ν ". 4 Of course, a configuration ρ(r), p(r) cannot be an equilibrium profile at the same time for GR and R 2 -gravity. But the binding energy is not defined only for equilibrium configurations.
This may suggest that a useful characterisation of the properties of spacetime outside and near the star may be given by introducing a new definition of gravitational mass which, if possible, takes into account both the contribution of matter and of the extra DOF inside the star's surface. Such a definition has indeed been proposed in [28] , by suitably using the function M(r) defined in (3.5) (see also [27] ). More specifically, the attention is cast upon the quantity 19) which is referred to as the "stellar mass bounded by the star's surface", as opposed to the mass M g = lim r→∞ M(r) which is referred to as the "gravitational mass measured by a distant observer". Evaluating the relation (3.11) at r = r we obtain 20) which, again assuming that T µ ν indeed is the legitimate stress-energy tensor for the extra DOF, indeed suggests that M s takes into account also the energy of the extra DOF inside the star. Here dV indicates the flat space volume element. Indicating with V C the (set) complement of V , or in other words the region outside the star, the relation (3.12) can then be rewritten as
where, as for (3.12), only the spherical shell of radii r < r m −1 significantly contributes to the integral. We may then interpret (3.21) as if the difference between M g and M s were given by the energy associated to the extra DOF in the above mentioned spherical shell. The analysis of [28] is indeed centered on the idea that the curvature present inside a region called gravisphere, which surrounds the star and has external radius approximately equal to √ α , itself contributes to the the distant observer's mass. Clearly, assigning a mass to the volume enclosed by the star's surface (and, complementary, to the gravisphere) raises immediate concerns, since (3.19) is meant to include the gravitational binding energy (it is not a proper mass in the sense of (3.4)), which in general cannot be localised. Remember in fact that in GR the identification of M(r) with the mass contained inside the sphere of radius r is possible only thanks to the absence of spherically symmetric gravitational waves; however, spherically symmetric radiation do exists in R 2 -gravity, being the (scalar) waves of ζ . The validity of the interpretation of [28] therefore strongly relies on our ability of defining a local and covariantly conserved stressenergy tensor for ζ , the obvious candidate being (3.15). If, in the spherically symmetric and time-dependent case, one trusts (3.15) to describe the flux of energy and momentum associated to ζ across the star's surface, then also in this case M s can change only because of fluxes of energy and momentum detectable by local measurements (now including also scalar radiation).
The mass M s is without doubt a legitimate "tag" to characterise the spherically symmetric solutions. It is however important to point out that, contrary to the claim of [28] , M s does not characterise to the surface gravitational redshift of the star [34] . The gravitational redshift z undergone by an electromagnetic wave emitted (with frequency ω e ) on the surface of the star and detected (with frequency ω d ) in the asymptotic region r m −1 is given by
so it is controlled by the tt component of the metric on the surface. On the other hand M s is determined by the rr component of the metric on the star's surface, and in R 2 -gravity there is no simple and general relation between |g tt (r )| and g rr (r ) (unlike in GR, where they are one the inverse of the other). We could define an effective "surface redshift" mass M sr by means of the relation
which holds in GR between z and the mass, that is defining
The effective mass M sr defined this way is different from M s , and indeed is none else than the nearby mass M n , introduced in (3.13). The latter seems therefore better suited than M s to describe the gravitational field in the proximity of the star.
Neutron stars and numerical mass-radius relations
To render our analysis more concrete we now turn to the case of neutron stars in R 2 -gravity and their M-R relation. This gives us the possibility of assessing quantitatively the relevance of the difference between the several definitions of mass described above, in a context where these differences may be potentially relevant. To achieve this, we numerically solve the equations (2.12) (2.13a) and (2.13b) by means of a shooting method. For definiteness we model the interior of the neutron star with the Sly equation of state [35, 36] expressed by the following analytic formula [37] : where the pressure is given here in units of dyn/cm 2 and the density in units of g/cm 3 , and the 18 coefficients a i come from a numerical fit and are tabulated in [37] . As done in [26] , prior to the numerical integration we recast the system of equations in terms of dimensionless quantities. For example, we normalise the parameter α to the Sun's half Schwarzschild radius r 0 = G N M /c 2 1.5 km, so we work with the adimensional parameter α = α/r 2 0 . Regarding the shooting, whose initial conditions are given at the centre of the star, the only free parameters are the central density ρ 0 and the central value ζ 0 of the extra DOF (∼ curvature), since the central pressure is determined by ρ 0 via the equations of state.
To individuate the solution we choose a priori a grid of values for the central density, and for each of them we determine ζ 0 via the shooting method, selecting the solution for ζ which decays exponentially to zero far from the star (meaning at r √ α ∼ m −1 ). It follows that our shooting solutions, and therefore our curves in the M-R plane, are parametrised by the value of the central density. The star's radius is determined to be that for which ρ vanishes (strictly speaking, for which it becomes negative). We refer to [26] for a more detailed discussion of our procedure. 5 For definiteness we consider the representative valuesα = 1, 10 and 100 , which permit to gain an understanding of how the properties of the star depend on the parameter α .
Numerical results

The asymptotic mass M g
Let us begin our discussion by considering the results for the asymptotic mass M g . Doing so allows to clearly highlight the main features of the curves and their dependence onα , and facilitates the subsequent comparison with the other definitions of mass. In Fig. 1 of [10, 38, 39, 11] . The central density increases monotonically along the M-R curves, the lowest values of ρ 0 corresponding to the bottom-right part of the curves and the highest values to top-left part. In particular, the mass increases monotonically with ρ 0 . It is apparent that the maximum mass can get comfortably well above two solar masses, and that it increases with increasing α . An evident feature of the M-R curves is the presence of an intermediate mass range where the radius increases with increasing mass and central density. In GR this behaviour is usually associated with a thermodynamic instability, which sets in at the points where the derivative dM/dr vanishes (turning point instability [40] , for a review see [41] ). 6 This does not immediately imply an instability in R 2 -gravity, since the dM/dr > 0 part of the M-R curves is delimited by points where dM/dr diverges (or equivalently, where dr /dM vanishes). A hint to the presence of two regimes is visible also in the M-ρ 0 curves, where the value M g ∼ 1.5M separates two different behaviours. For smaller values of M g , the neutron star's mass in R 2 -gravity is smaller (and even more so the higher α becomes) than the analogous star in GR with the same central density. The opposite behaviour happens for values of M g 1.5M .
The definitions of mass
Let us now compare the M-R curves relative to the definitions of mass discussed in Section 3. In Figure 2 , the M-R curves relative to M g , M ρ , M p , M n and M s are displayed respectively forα = 1,α = 10 andα = 100 , with the curve for GR (α = 0) included in all the plots for the sake of comparison. Several comments are in order. On general grounds note that, despite the difference in the curves, all of them share the feature mentioned above of having a region where dr /dM > 0, which is the more evident the bigger the value of α . Moreover, all the curves nearly coincide for small central density, while the difference is more pronounced when we approach the maximum mass. Note that there is a perceptible difference between the small mass limit of R 2 -gravity and that of GR: this is not surprising, since the weak field limit of R 2 -gravity is different from GR's. This difference becomes less important when α gets smaller, coherently with GR being reproduced in the α → 0 limit of R 2 -gravity.
Focusing on the region close to the maximum mass, it is apparent that the proper mass is significantly higher than the others. This is sensible since the gravitational binding energy is negative, and we are considering compact objects where gravity is not weak. It is also apparent that M s is smaller than M g and M ρ , and significantly so whenα = 10 and α = 100 . This can be understood, in terms of our analysis of Section 3, by referring to the behaviour of the extra DOF. We found that, generically, the function ζ(r) is concave inside the star and convex outside. Note that the effective energy density R explicitly reads 
Numerical values
For completeness, we provide here a quantitative comparison between the M-R curves relative to different definitions of mass. To do this, we concentrate on the characteristic features of the curves mentioned above, to wit the maximum mass M max and the mass range ∆M where dr /dM is positive. In Table 1 and 2 we list the values obtained numerically for these quantities, for all the definitions of mass discussed above. Since our datapoints are discrete, we evaluate M max by approximating the maximum point of the M-R curve with the maximum-value datapoint. We give the numerical value with three significant digits, without attempting to assess the uncertainty. Regarding ∆M , we estimate the minimum and maximum mass of the interval by using the mass of the datapoint where the radius has an extremum (again, extremum with respect to the other datapoints). The error is estimated to be the difference in mass with the datapoints adjacent to the extremum. Table 1 : Maximum masses for GR and forα = 1, 10, 100. Solar mass units are employed. Regarding the mass range ∆M , it is interesting to note that quite generically the interval becomes wider asα increases, but without shifting significatively its position. In particular, the lower extreme of the interval decreases between α = 1 and α = 10 and then remains approximately constant between α = 10 and α = 100 . Again, the case of the nearby mass is peculiar.
Discussion and conclusions
In the previous sections we discussed several possible definitions of gravitational mass for a static and spherically symmetric star in R 2 gravity, and unambiguously proved, by numerical means, that these definitions are indeed quantitatively different. This confirms that, in modified theories of gravity, when speaking of the mass of a star it is not possible to avoid specifying which definition is used, and caution has to be taken when estimating the properties of a star from observational data, especially when information about a star is obtained combining different observational techniques.
As we manifestly declared, our numerical results were obtained for values of α which are not compatible with observations. Our declared aim, however, was to use R 2 -gravity as a proxy to study the issue related to the definition of gravitational mass, due to its simplicity. It is fact known that modifying GR always introduces new degrees of freedom, and often introduces new characteristic scales. R 2 -gravity is a very convenient proxy because it is simple yet nontrivial: it introduces only one extra DOF, whose potential is very simple (being just a mass term), and only one new scale (the mass m or, in terms of length, the range m −1 ). Choosing to work with values of α which span a wider domain than that allowed by observations has also advantages: it permits to appreciate more clearly the difference between the various definitions, and to perceive better how this difference depends on α . For this reason, we believe our numerical results remain relevant, because document a phenomenon which is likely to be much more general than the particular model we considered.
General considerations
At first sight, the idea of having several inequivalent definitions of gravitational mass is surprising (disturbing, even). However, it is important to reflect on the fact that in Newtonian gravity and in GR we use the concept of mass to characterise several a priori different things, such as for example the motion of test bodies in different locations in space (e.g. close to the star/far from the star), the gravitational redshift of radiation, the energy content of a star. We are so used to GR and Newton's theory that it is easy to take for granted that the effect of the gravitational field outside a static and spherically symmetric star can be described by a unique gravitational charge. The usefulness of using a specific model (here, R 2 -gravity) to investigate a general problem shows up already here, since the study of static and spherically symmetric configurations in the weak field limit permits to show explicitly that the external gravitational field depends on two gravitational charges.
Indeed we would like to reverse the perspective, and propose that, if we admit that a theory of gravity may contain others degrees of freedom, apart from those of the massless and spin-2 graviton of GR, and new characteristic scales, it is natural that a unique gravitational charge fails to describe the external gravitational field. It is just that the behaviour of the gravitational field is more complex. As the example of R 2 -gravity shows, the crux of the problem is that the presence of matter excites the gravitational potentials and at the same time the extra DOF, which in turn couples to the gravitational potentials. In the process, the characteristic scale associated to the extra DOF remains imprinted in the behaviour of the gravitational potentials, along with the characteristic of the source. From this point of view, it is GR and Newton's theory that are special in their simplicity.
In our opinion, it is not that fruitful to try to establish which one is the definition of gravitational mass, and which are ancillary definitions. Choosing one definition over the others would in some sense be like forcing the richer phenomenology of modified gravity into the conceptual structure of GR. We feel that it is better to live with the fact that gravity is more complex when you modify GR, and accept that different definitions of mass just describe different aspects of the gravitational field. On the other hand we deem important that every definition of mass be tightly linked to specific observable phenomena, in continuity with the Newtonian's idea behind the introduction of gravitational mass.
Comments on some specific definitions
This of course does not mean that all definitions are equally useful, in practice. Regarding the motion of test bodies in the star's gravitational field, it is probably quite generic in MTG (at least in those with new characteristic scales) that the spacetime outside a star may be made up of different domains. In some of these domains Newtonian gravity is not reproduced, while in others it is, but the value of the effective Newtonian mass felt by test bodies (as well as the value of the local PPN parameters) vary from one domain to the other. In such a situation, to each domain where Newtonian gravity is reproduced we may assign an effective gravitational mass according to Kepler's third law
where ω is the angular frequency (ω = 2π/T , where T is the period) and a is the semi-major axis of the elliptical orbit.
On the other hand, we don't feel the definition (3.19) of mass M s to be as useful as the others. First of all, its link to observable phenomena is weak. The idea of treating separately the extra DOF ζ inside and outside the star therefore seems dictated mainly by the desire to keep the concept of gravitational mass inside GR's conceptual framework. Secondly, it relies on the possibility of localising the energy of the extra DOF inside the star's surface, which in turn relies on the possibility of associating to ζ a (conserved) stress-energy tensor in a unique way. While a heuristic candidate for T µ ν has been proposed, it is worthwhile to remind that, in the original fourth-order theory, the extra DOF is just a part of the gravitational field (it is essentially the curvature). To put the definition of M s on a firm basis, it would be advisable to embed its definition in a general analysis of the concept of energy of the gravitational field in the context of the fourth order theory.
